ARE DEVANEY HAIRS FAST ESCAPING? 
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Abstract. Beginning with Devaney, several authors have studied transcen- 
dental entire functions for which every point in the escaping set can be con- 
nected to infinity by a curve in the escaping set. Such curves are often called 
Devaney hairs. We show that, in many cases, every point in such a curve, 
apart from possibly a finite endpoint of the curve, belongs to the fast escaping 
set. We also give an example of a Devaney hair which lies in a logarithmic 
tract of a transcendental entire function and contains no fast escaping points. 



For Bob Devaney on the occasion of his sixtieth birthday. 
1. Introduction 

Let / : C ^ C be a transcendental entire function and denote by n G N , 
the nth iterate of /. The Fatou set F{f) is defined to be the set of points 
z e C such that {f"')nGN forms a normal family in some neighborhood of z. The 
complement of F{f) is called the Julia set J{f) of /. An introduction to the 
properties of these sets can be found in [3J. 

This paper concerns the escaping set of /, defined as follows: 

/(/) = {z : P{z) ^ oo as n ^ oo}. 

For a general transcendental entire function /, this set was first studied by Ere- 
menko [9] who proved that /(/) n J(/) ^ 0, J(/) = dl{f) and also that all 
components of /(/) are unbounded. Eremenko then asked whether it is also true 
that all components of /(/) are unbounded. Further, he asked whether a stronger 
statement is true, namely whether every point in /(/) can be joined to infinity 
by a curve in /(/). This second question is related to a question of Fatou ^llj as 
to whether there are infinitely many curves to infinity in /(/) fl J{f)- 

One family for which the answer to all of these questions is 'yes' is the family 
of functions defined by f{z) = Xe^, for < A < 1/e. For such functions, it 
was shown by Devaney and Tangerman [8j that F{f) is a completely invariant 
immediate attracting basin and J(/) is a so called 'Cantor bouquet' consisting 
of uncountably many disjoint simple curves, each with one finite endpoint and 
the other endpoint at oo. The set /(/) consists of the open curves (without 
endpoints) together with some of their finite endpoints; see [I3j and p5j . These 
open curves are known to be contained in the set of points that 'zip to infinity' [20] 
defined by 

Z{f) = {ze I{f) : - In In \r{z)\ ^ oo as n ^ oo}. 
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It was shown by Rempe flbl Theorem 1.4] that there are endpoints of such curves 
that escape to infinity at each possible rate. These curves are often referred to 
as 'Devaney hairs'. 

In this paper, we define a Devaney hair of a transcendental meromorphic 
function / to be a simple curve 7 : [0, 00) J(f) such that 7((0, 00)) C /(/) 
and 

(a) for each t > 0, /" — >• cx) as n — 00 uniformly on 7([t, 00)); 

(b) for each n G N, /"(7) is a simple curve connecting /"'(7(0)) to 00. 

Note that there are several alternative definitions of a Devaney hair that have 
been used by other authors. Our definition is closely related to the definition of 
a ray tail given in [12] - a ray tail is a Devaney hair for which 7(0) G /(/) and 
/" — s> 00 as n — > 00 uniformly on 7([0, 00)). 

The exponential functions belong to the Eremenko-Lyubich class, defined as 

i3 = {/ : / is a transcendental entire function and sing(/~^) is bounded}, 

where the set sing(/~^) consists of the critical values and the finite asymptotic 
values of /. It was shown by Eremenko and Lyubich [TU] that /(/) C J{f) for 
every function / in the class B. Several authors have studied functions in the 
class B and it is now known that, for many functions in this class, the escaping 
set has properties similar to those described above for the exponential family. 
The most general result known of this type is the following, proved in [T9] . 

Theorem 1.1. Let f be a finite composition of functions of finite order in the 
class B and let zq G /(/). Then zq can be connected to 00 by a simple curve 
7 C /(/) such that —>■ 00 uniformly on 7. 

Remarks. 1. In Section 2 we outline the proof of Theorem II. 1( from the 
proof it is clear that the curve 7 is unique and that, for some G N, the curve 
f'^l'j) is a Devaney hair in the sense defined above. 

2. The order, p, of a function / is defined by 

In In M(r,/) 
P[f) = lim sup , 

r — >oo All r 

where M(r, /) = max|2|=,, \f{z)\. 

3. Note that if / is a finite composition of functions in the class B, then f & B. 

Clearly, for any function satisfying the hypotheses of Theorem ll.il the answers 
to both of Eremenko's questions and to Fatou's question is yes. It is shown, 
however, in [12] that there exists a function in the class B for which all the path- 
connected components of /(/) are points and so, for this function, the answer 
to the stronger form of Eremenko's question is no. However, the answer to 
the weaker form of Eremenko's question for this function is yes by a result of 
Rempe [I6] who showed that all the components of /(/) are unbounded whenever 
P{f) = Ur=or(smg(/-^)) is bounded. 

Barahski [T] also studied functions of finite order in the class B but with the 
extra condition that sing(/~^) is contained in a compact subset of the immediate 
basin of an attracting fixed point of /. With this extra condition he was able to 
prove the stronger result that J{f) consists of a family of disjoint curves with 
similar properties to the exponential functions studied by Devaney. 
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Here we show that points on the curves obtained in Theorem 11.11 with the 
possible exception of the endpoints, escape to infinity 'as fast as possible'. More 
precisely we show that these points belong to the fast escaping set defined by 

A{f) = {z : there exists L G N such that |r+^(z)| > M"(/?, /), for all n G N}. 

Here, W+^{R, f)=M {W{R, /), /) and R is any value with R > mm^^j^f) \z\. 
Note that A{f) is independent of the value of R. 

The set A{f) was introduced by Bergweiler and Hinkkanen in [H] and has many 
strong properties - for example, it was shown in [18] that all the components of 
A{f) are unbounded. Note that A{f) is a subset of the set Z{f) defined earlier; 
see [5]. 

The main result of this paper is the following; for completeness, we include 
the conclusions of Theorem 11.11 in this result. 

Theorem 1.2. Let f be a finite composition of functions of finite order in the 
class B and let zq G /(/)• Then zq can be connected to oo by a simple curve 
7 C /(/) such that 

(a) /" oo as n ^ oo uniformly on 7, 

(b) there exists A; G N such that /^(7) is a Devaney hair of f , 

(c) 7\{^o}cA(/). 

Theorem 11.21 states that all points on the curves in Theorem 11.11 except pos- 
sibly endpoints, are fast escaping. We can also use Theorem 11.21 to show that, 
for certain functions outside the class B, the escaping set meets the Julia set in 
curves all points of which, except possibly endpoints, are fast escaping. 

Theorem 1.3. Let f be a transcendental entire function such that 

7r(/(^)) = (?(7r(^)), for zee, 

where ■n{z) = e"^, a 7^ 0, and g is a transcendental entire function which is a self 
map o/C* = C \ {0}. If g is a finite composition of functions of finite order in 
the class B, g has an attracting fixed point at 0, and sing(5f~-'^) is contained in a 
compact subset of the immediate basin of attraction of g containing 0, then 

(a) J{f) consists of a family of disjoint curves tending to 00, each homeo- 
morphic to [0, 00); 

(b) /(/)n J(/) consists of the disjoint curves comprising J{f), omitting some 
of their endpoints; each of these curves, except possibly its endpoint, is 
contained in A{f). 

Remarks. 1. Any transcendental entire function which is a self-map of C* is 
of the form g{z) = z^ exp h{^z\ where m G N and h is non-constant entire. Thus 
the functions covered by Theorem 11.31 are all of the form /(z) = mz + h{e°'^), 
where m G N, a 7^ and h is non-constant entire. 

2. Since sing(5f~^) is contained in a compact subset of the immediate basin of 
attraction of g containing 0, this immediate basin of attraction is the only Fatou 
component of g; see [21 page 396]. Therefore, the Fatou set of / is a completely 
invariant Baker domain that contains sing(/~^). 

The plan of the paper is as follows. In Section 2 we describe the background to 
Theorem ll.2l and include a summary of the main steps in the proof of Theorem ll.il 
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since these ideas are used in our proofs. In Section 3 we give the proof of 
Theorem 11.21 In Section 4 we prove Theorem 11.31 and show that it applies to 
various families of functions, including the function f{z) = z + l + e~^ studied by 
Fatou in [11]. In Section 5 we show that the conclusions of Theorem 11.21 also hold 
for many functions of infinite order in the class B, and in Section 6 we give an 
example of a Devaney hair which lies in a logarithmic tract of a transcendental 
entire function of infinite order and contains no fast escaping points. 

2. Background 

Theorem 11.11 was proved in [19j by using logarithmic transforms of functions 
in the class B. Here we introduce the techniques involved in that proof. 

Let / be a function in the class B, let D denote a bounded Jordan domain 
such that sing(/~i) U {0, /(O)} C D and let = C \ D. It is known that each 
component V of {z : f{z) G W} is a logarithmic tract; that is, V is simply 
connected and f : V ^ W is a universal covering. The main tool used by 
Eremenko and Lyubich in [10] to study such functions was a logarithmic change of 
variable. Let H = exp~^{W). The map exp : H W is also a universal covering 
and so there exists a biholomorphic map G : V H such that / = exp oG. 
For each w G exp~^(\^) we define the function F by F{w) = G{e^) so that 
expF{w) = f{e^)- Since we can define F on exp"^(y) for each component V of 
{z : f{z) G W}, this defines a map F : exp~^({2; : f{z) G W}) —> H. We say 
that F is a logarithmic transform of /. 

Following the notation used in [19] we denote the domain of F by T and 
refer to the components of T as the tracts of F. As stated in [IH], the function 
F : T —>■ H has the following properties. 

(1) if is a 27ri-periodic Jordan domain that contains a right half-plane. 

(2) Every component of T is an unbounded Jordan domain with real parts 
bounded below, but unbounded from above. 

(3) The components of T have disjoint closures and accumulate only at in- 
finity; that is, if z„ G T is a sequence of points all belonging to different 
tracts, then Zn —* oo. 

(4) For every component T of T , F : T ^ H is a conformal isomorphism - 
in particular, F extends continuously to the closure T of T. 

(5) For every component T of T, exp \ q- is injective. 

(6) T is invariant under translation by 27r2. 

The class of functions F : T H, for which F, T and H have these properties, 
is denoted by i3iog. 

Remarks. 1. Functions in the class Biog are sometimes assumed to be periodic 
- see, for example, [IT]. In this paper (and also in [19]) this assumption is not 
made. 

2. Functions in the class Biog do not have to be logarithmic transforms of func- 
tions in the class B. For example, suppose that / is any meromorphic function 
with a logarithmic tract V. Then a function F G Biog with domain exp~^{V) 
can be defined as above. As before, the function F is said to be a logarithmic 
transform of /. The iteration of meromorphic functions with a logarithmic tract 
is discussed in [6]. In later sections, we include remarks to indicate how our 
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results can be generalised to meromorphic functions with a logarithmic tract V. 
These generalisations concern the sets 

/(/, V) = {zeVr] /(/) : r{z) e V for all n G N} 

and 

A'{f, V) = {zeV : there exists L e N such that r{z) E V 
and r+^{z) > M^{R, /), for all neN}, 

where R is sufficiently large and My{r,f) = ma.Xz^v,\z\=R\f{z)\. (We use the 
notation A'{f, V) in order to maintain consistency with [B] where A{f, V) is used 
to denote the union of the set A'{f, V) together with all its pre-images.) 

The following key property of functions in the class Biog was proved first by 
Eremenko and Lyubich [10] for logarithmic transforms of functions in the class B. 
It enabled them to prove that if / is in the class B then /(/) C J{f)- 

Lemma 2.1. Let F : T ^ H be a function in the class B\og with H D {w : 
Rew > R}. Then, for each w eT with ReF{w) > R, 

\F'{w)\ > -^(ReF(w) -/?). 

4:71 

It follows from Lemma 12.11 that if F : T — > if is in B\og then there exists 
i?o > such that 

(2.1) \F'{w)\ > 2 if w G r and ReF{w) > Rq. 

We say that a function F : T ^ H m the class i^iog is normalised if H is the 
right half-plane H = {w : Rew > 0} and (12.11) holds for all w E T. We denote 
the class of all such functions by i^JJ^g. 

Note that we can pass from any function F E Biog to a normalised one by 
restricting F to T' = F~^{{w : Rew > -Ro}); where Rq is as above, and applying 
the change of variable C = w — Rq. For this reason, it is usually no loss of 
generality to assume that F E i3i"g. 

For any function F E Biog, we define the escaping set of F to be 

I{F) = {w eT : F'^iw) E T, for all nEN, and ReF"(u;) cx) as n cx)}. 

This is a subset of the Julia set of F defined by 

J{F) = {wET: F"(w) G T, for all n E N}. 

We define the fast escaping set of F by 

A{F) = {w eT : there exists L eN such that F"(w) G T 

and ReF"+^(w) > M'^iR, F), for all n G N}, 

where 

M{r,F) = max ReF{w), 

Reui=r 

and R is any value so large that M(r, F) > r for r > R. Note that M(r, F) is an 
increasing function of r by the maximum principle so, with this definition, A{F) 
is independent of R. 

Now suppose that f E B and that F : exp^^({2 : f{z) E W}) ^ if is a 
logarithmic transform of /. If 2; G i(/), then there exists N E 'N such that 
/"(;z) G W, for n > N, and so f^{z) E expi(F). Similarly, if 2 G A{f), 
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then there exists N eN such that f^{z) G exp 74(F). On the other hand, if w 
hes in I{F) or then z = expw hes in /(/) or A{f). Also, if F G iSf^g, 

then exp J{F) C </(/); this follows from (12 .ip using the same argument as that 
used by Eremenko and Lyubich in [lO] to show that /(/) C J(/) if / G 
Similar statements are true if / is a transcendental meromorphic function with 
a logarithmic tract V, and F G Biog (respectively i^JJ^g) with domain exp~^(l^) is 
a logarithmic transform of /. 

If w G J{F) then, for each n > 0, F'^{w) G T„ for some tract T„. We say that 
s = T0T1T2 ... is the (external) address (or itinerary) of w. The shift operator a 
acts on an external address as follows: if s = T0T1T2 . . ., then a{s) = T1T2 .... 
Note that if a point w has address s then F''{w) has address a^{s). We denote 
the set of escaping points of F with the same address by 

Is{F) = {w E I{F) : w has address s}. 

Similarly, we define 

Js{F) = {w : F"'{w) G T, for all n > 0, and w has address s}. 

We now outline the key steps in the proof of Theorem ll.il given in [19j. A key 
concept in the proof of Theorem 11.11 is the idea of a linear head-start condition. 

Definition 2.1. Let F G i3iog. Then F satisfies a linear head-start condition 
with constants K > 1 and M > if, 

(1) for all tracts T, T' of F and all w, C G T with F{w), F(C) G T', 

Rew > K{ReC)+ + M ^ ReF{w) > K{ReF{C))+ + M; 

(2) for each address s and each pair of distinct points w,( ^ Jsi^), there 
exists G N such that either 

ReF^{w)> K{ReF^{C))+ + M or Re F^(C) > i^(ReF^ («;))+ + M. 
Remark. We use t~^ to denote max{t,0}. 

When F G Siog satisfies this linear head-start condition, we can define a simple 
ordering on points in Js{F) - we say that wi >- W2 if there exists A^ G N such that 
ReF^{wi) > K{Re F^ {w2))'^ + M. By using topological arguments, it is shown 
in [1^ that all the components of JjyF) are curves for which the topological 
ordering agrees with the ordering given by the linear head-start condition. The 
following result is proved in proof of Theorem 4.2]. 

Lemma 2.2. Let F G -Biog and suppose that F satisfies a linear head-start con- 
dition. If Wo G Is{F), then there exists ko E N such that, for all k > ko, 
Tfc = {w G /o.fc(s)(F) : w >z F''{wo)} is a simple curve connecting F^{wo) to 00. 
Also, ReF^{w) 00 uniformly on r^. 

In [ini Proposition 5.4] it is shown that a function F G B^^^ satisfies a linear 
head-start condition, for some A' > 1 and M > 0, whenever all the tracts of F 
have uniformly bounded slope and uniformly bounded wiggling. These concepts 
are defined as follows. 

Definition 2.2. Let F G B\og. A tract T of F has bounded slope with constants 
> if 

|Im wi — Im W2I < « max{Re Wi, Rew2, 0} + P, for all Wi, W2 G T. 
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If all the tracts of F have bounded slope for these constants, then we say that 
the tracts have uniformly bounded slope and F e Biog{a,P). If F is normalised 
then we say that F G ;Bi°g(a,/3). 

Definition 2.3. Let F G i3iog. A tract T of F has bounded wiggling with con- 
stants K' > 1 and yU > if, for each point Wo G T, every point w on the 
hyperbolic geodesic of T that connects wq to oo satisfies 

{Rew)~^ > —Re Wo — A*. 

If all the tracts of F have bounded wiggling for these constants, then we say that 
the tracts have uniformly bounded wiggling. 

It is shown in [T9l Theorem 5.6] that if F is a function of finite order in 
the class Sj^g then the tracts of F have uniformly bounded slope and uniformly 
bounded wiggling, and so F satisfies a linear head-start condition. It is fur- 
ther shown in Lemma 5.7] that any finite composition of functions in B^^^ 
whose tracts have uniformly bounded slope and uniformly bounded wiggling also 
satisfies a linear head-start condition. 

A function F G Biog is said to have finite order if 

InKe F{w) = 0{R.ew) as Rew — oo in T. 

So, if / G i3 has finite order and F is a logarithmic transform of /, then F also has 
finite order. Thus, for each function / satisfying the hypotheses of Theorem 11.11 
there is a logarithmic transform F of f satisfying a linear head-start condition. 

Now suppose that / is any function in the class B such that a logarithmic 
transform F of f satisfies a linear head-start condition. Recall that if zq G /(/) 
then there exists N & N such that /^(zq) £ exp/(F). So, by Lemma [2.21 there 
exists G N such that f^~^^{zo) is connected to cxd by a curve expF in /(/) on 
which f^lz) —>■ oo uniformly. Thus Zq is connected to oo by a curve 7 in /(/) on 
which /"(z) —>■ 00 uniformly. This proves Theorem 11.11 Further, it shows that 
the conclusions of Theorem 11.11 hold whenever / is a function in the class B for 
which a logarithmic transform of / satisfies a linear head-start condition. 

We end this section with two results about the class i3jj,g that will be useful 
in the proof of Theorem ll.2[ Note that both of these results use the fact that, 
for a function F G i3JJ,g, if w belongs to a tract of F, then ReF{w) > 0. They 
also both include a condition to the effect that there exist a,f5 > such that, if 
T is a tract of F and w,( ^ T then 

\lmF{w) - ImF(C)| < amax{ReF(w), ReF(C)} + (3. 

Note that this condition is automatically satisfied if F{w) and F{() both lie in 
a tract with bounded slope with constants > 0. 

The first result is part of fi9[ Lemma 5.2]. 

Lemma 2.3. Let F G B^^^ and let a,P > 0. Let T be a tract of F and suppose 
that w,( ^ T satisfy 

ReF(w)>ReF(C) and \lmF{w) -lmF{C)\ < aReF{w) + f3. 

(a) There exists 6 = 6{a,P) so large that, if \w — (\ > 6, then 

ReFH > exp(^|u; - Cl)ReF(C). 



8 



LASSE REMPE, PHILIP J. RIPPON, AND GWYNETH M. STALLARD 



(b) If K > 1, then there exists A = A{a,j3,K) so large that, ifw^Q G J{F) 
have the same address and \w — C\ > A, then, for all n G N, 

ReF"(w;) > irReF"(C) + \w - Q or ReF"(C) > KReF''{w) + \w - C|. 

The next result follows from fl9[ Proposition 5.4, proof that (b) implies (c)]. 

Lemma 2.4. Let F G B^og, let T be a tract of F with bounded wiggling, with 
constants K' > 1 and fi > 0, let K > 1, let a,(3 > and let 6{a,(3) be the 
constant given in Lemma \2. 31 There exists a constant M > 6{a,l3) depending 
only on the constants K' , fi,a, (3, K such that, ifw,(^T with 

Rew> K{ReC)^ + M 

and 

llmFH - ImF(C)| < amax{ReFH, ReF(C)} + (3, 

then 

ReF{w) > KReF{C) + M. 



3. Proof of Theorem 11.21 

We deduce Theorem 11.21 from a result concerning functions in the class SJJ, g . 
Here we define a Devaney hair of a function F G Siog to be a simple curve 
r : [0, oo) ^ J(F) such that r((0, oo)) C I{F) and 

(a) for each t > 0, ReF" — > oo as n — oo uniformly on T{[t, oo)); 

(b) for each n G N, F^{r) is a simple curve connecting F"'(r(0)) to oo. 

Parts (a) and (b) of the following theorem follow from the results in [12] that 
we described in Section 2; we include them here for completeness. 

Theorem 3.1. Let F be a finite composition of functions of finite order in the 
class i3{J,g and let w'q G I{F). Then there exists k E N such that Wq = F^(wq) 
can be connected to oo by a curve T C I{F) such that 

(a) ReF" oo as n ^ oo uniformly on T, 

(b) r is a Devaney hair of F, 

(c) T\{wo}cAiF). 

We begin by proving the following lemma. 

Lemma 3.2. Let F G B^^^, let K > 1 and let q;,/3 > 0. Let T be a tract of F 
with bounded wiggling, with constants K' > 1 and fi > 0, and let M > be the 
constant given by Lemma 2^. There exists a constant e > 0, depending only on 
K , such that, if w,( ^ T, 

(3.1) Rew > K{ReC)^ + M 
and 

(3.2) |ImF(w) -ImF(C)| < a max{Re F{w), Re F{C)} + P, 



then 



ReF{w) > exp(eReti;)ReF(C). 
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Proof. By (13.11) . we have 

(3.3) |w-C| > Rew-ReC > (1 - l/i^)Rew. 

By Lemma [231 we have ReF{w) > ReF{(). So, since M > 6{a,P) and, by 
(3.1), |w — CI > M, it follows from Lemma [2.3( a) and (13. 3p that 

(3.4) ReF{w) > exp{^\w - CI)ReF(C) > exp(^(l - 1/ K)Rew)Re F{0. 
The result now follows on taking e = ^^{1 — ^/K). □ 

The next result follows from Lemma 13.21 

Corollary 3.3. Let F be a finite composition of functions Fi, 1 < i < p, in the 
class SjQg such that the tracts of Fi, I < i < p, have uniformly bounded slope 
and uniformly bounded wiggling. Let Wq G I{F). Then there exist e > and 
k,NQ & N such that Wq = F''{wq) can be connected to oo by a curve T C I{F) 
and, for all Wi G F \ {wq}, 

ReF"+"(u;i) > ujP''{Re F'^iwo)), forneN, m> Nq, 

where uit) = exp{et). 

Proof. Let w'q G I{F) and let s denote the address of w'q with respect to the 
function F. Since the tracts of Fi, 1 < i < p, have uniformly bounded slope and 
uniformly bounded wiggling, F satisfies a linear head-start condition, as noted 
in Section 2. By Lemma [2121 for all large k the set T = {w E I^k(^g-j{F) : w >z 
F''{wq)} is a simple curve connecting F''{wq) to oo within a single tract of F, on 
which ReF^{w) oo uniformly. We assume k to be so large that 

F"(r) c{w:Rew> C}, for n>k, 

where 

C = max{ReFp o • ■ ■ o Fi{w) : Rew = 0,1 < i < p}. 
It follows that, for each n > k and 1 < i < p, the curve 

(3.5) F,o...FioF"(r) 

lies entirely in a single tract of the function -Fj+i. (Here, we take -Fp+i = Fi.) 

We now let Wq = F^{w'q) and let Wi E T \ {wq\ so that wi >- Wq. Thus 
Wo,Wi G I{F). By hypothesis, there exist a, P > 0, K' > 1 and /i > such 
that the tracts of Fi, 1 < i < p, have bounded slope, with constants a, (3, and 
bounded wiggling, with constants K', /i. Further, the tracts of F have bounded 
slope with constants a, (3. 

Since Wi >- Wq with respect to a linear head-start condition for F, there exist 
K > 1, Mi> 0, N eN such that 

(3.6) ReF"(w;i) > irReF"(wo) + Mi, for n>N. 

Now let M be the constant given by Lemma 12.41 and A be the constant 
given by Lemma 12.3( b). It follows from (13.61) and the fact that wq G I{F) 
that there exists iVo > + 1 such that ReF^»-\wi) > ReF^°-^{wo) and also 
\F^<^-\wi) - F^<^-\wo)\ > max{A,M}. Since F G B'^^^{a,(3), it follows from 
Lemma [2.3( b) that 



(3.7) 



ReF^o(wi) > KReF^°{wo) + M. 
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Further, since wo G I{F), we may assume that A^o was chosen sufficiently large 
to ensure that 

(3.8) ReF™(w;o)>l, hi m > Nq. 

Then, since Fj G B^i^^{a,l3), for 1 < z < p, it follows from fl3.5p that we can start 
from (13.71) and apply Lemma 12.41 repeatedly to deduce that 

(3.9) Re Fi o . . . o Fi o F"+"'(u;i) > KRe o ■ ■ ■ o Fi o F"+"^(u;o) + M, 

for n ^N, m > Nq and I < i < p. Finally, we apply Lemma 13.21 repeatedly with 
= o . . . o Fi o F"+'"(«;i) and ( = Fi o ■ ■ ■ o Fi o F'^+'^iwo), 



for n E N and 1 < i < p. In view of (13.81) . this shows that there exists e > 
such that, if n G N and m > Nq, then 

ReF"+"(wi) > ujP^iReF'^iwo)), 

where u{t) = exp(et). □ 

We now show how Theorem 13.11 follows from Corollary 13.31 

Proof of Theorem \3.1\ Let F be a finite composition of functions Fj, 1 < i < p, 
of finite order in the class i^j^g. Then, as noted in Section 2, the tracts of F, 
have uniformly bounded slope and uniformly bounded wiggling, and so we can 
apply Corollary 13.31 Now let wi E T \ {wq}, where F and wq are as described 
in Corollary 13.31 In order to prove Theorem 13.11 it is sufficient to show that 
wi G A{F). 

We begin by noting that, since each function Fj, 1 < i < p, has finite order, 
there exist 5 > and tq > 0, such that 

r < M(r, Fj) < exp(5r), for r > tq, 1 < i < p. 

So, for n G N, 

(3.10) M"(r, F) < l]"P(r), for r > tq, 

where f2(r) = exp((5r). 

The next lemma compares the iterative behaviours of the functions ui and Vl. 

Lemma 3.4. Let uj{r) = exp(£r) and Q{r) = exp(5r), where 6 > e > 0. Then, 
for each r > 0, there exists R> such that 

tu"(i?) > n"(r), forneN. 

Proof. Put s = 26/6 and take R > maxjsr, |lns} so large that Lj{t) > t, for 
t > R. Then, since s > 1, it is sufficient to show that 

(3.11) fi"(r) < icj"(/?), for n G N. 

The inequality (13.111) follows by induction: it clearly holds for n = 1 and if it 
holds for n = k, then 

n^'+^r) < n{^^uj\R)) < exp {euj\R) + In i) = ^^uj^+\R), 

as required. □ 
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Now, choose r so large that r > min^ Re w and r > ro, and let R be 
given by Lemma 13.41 and Nq be given by Corollary I3.3[ Then take m > Nq such 
that Re/™(i(7o) > R- It follows from Corollary 13.31 Lemma [33] and f l3.10p that, 
for n e N, 

ReF"+"(u7i) > cu*'"(i?) > nP^'ir) > M'^{r;F). 
Thus Wi G ^(-F), as required. □ 

Proof of Theorem M.iA Theorem 11.21 follows from Theorem 13. II since the logarith- 
mic transform of a function of finite order in the class i3 is a function of finite 
order in the class B\og. Further, if zq G /(/), and F is a logarithmic transform 
of /, then there exists G N such that f^{zo) = exp(wQ), for some Wq G I{F). 
Thus zq can be connected to oo by a simple curve 7 C /(/) which is a pullback 
under of exp F, where F is as in Theorem 13. II The result now follows from 

the fact that exp A{F) C A{f) and from the complete invariance of A{f). □ 

Remark. Similarly, Theorem 13.11 can be used to show that, if / is an entire 
function of finite order with a logarithmic tract V and zq G /(/, V), then zq can 
be connected to 00 by a curve 7 C /(/, V) such that 7 \ {2:0} C A{f). 

4. Proof of Theorem 11.31 and examples 

We begin this section by proving Theorem 11.31 

Proof. It follows from [I9j, Theorem 5.10] that each component of J{g) is a curve 
to 00 homeomorphic to [0, 00), all points of which lie in I{g) except possibly the 
endpoint. (Note that this result was first proved by Barahski [H Theorem C] for 
the case that g has finite order.) 

By a result of Bergweiler [Ij , we have 

7r~\j{g)) = J{f). 

Since G F{g), the set J(/) also consists of a family of disjoint curves homeo- 
morphic to [0, 00), each component 7 of J{g) corresponding to a countable family 
of disjoint congruent curves in J{f) homeomorphic to [0, 00), say 7„, n G Z. This 
proves part (a). 

Clearly each point of /(/) fl J{f) lies in some component 7„ of J{f) corre- 
sponding to a component 7 of J{g). On the other hand, for such a component 7 
of J{g) all points, except possibly the endpoint, lie in I{g) by [19], Theorem 5.10] 
and hence in A{g), by Theorem 11.21 Bergweiler and Hinkkanen [5] Theorem 5] 
proved that 

n-\Aig)) C A{f), 

so all points, except possibly the endpoints, of the corresponding curves 7„, 
n G Z, lie in A{f) and hence lie in /(/) n J{f). Since some of the endpoints 
of these components of J(/) do not lie in /(/), because J(/) must include the 
repelling periodic cycles of /, the proof of part (b) is complete. □ 

Theorem 11.31 can be applied to all functions of the form 

f{z) = z + X + e~\ where Re A > 0, 

by taking 71(2;) = and g{w) = e~^we~'^ . Then g is a. transcendental entire 
function of order 1 which is a self map of C* and it has an attracting fixed point 
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at 0. In this case smg{g^^) consists of the asymptotic value and the critical 
value e~^~'^. To see that this critical value must lie in the immediate basin of 0, 
we observe that if it does not, then the branch of which maps to can be 
analytically continued to the whole of the basin, as in [T, proof of Theorem 2.2], 
which is impossible. 

Theorem 11.31 can also be applied to some functions of the form 

f{z) = mz + A + e~^, where m G N, m > 2, A G C, 

by taking 7r(z) = and g{w) = e~^w^e~^ . Then is a transcendental entire 
function of order 1 which is a self map of C* and it has a super-attracting fixed 
point at 0. In this case sing(5f~^) consists of the critical and asymptotic value 0, 
and the critical value m'"e~'"~'*'. The values of A for which this latter critical 
value is contained in the immediate basin of depend on m. For example, if 
A = 0, then it is easy to check graphically that m"^e~'^ lies in the immediate 
basin of for m = 2 and m = 3, but it lies in a different component of F{g) for 
m = 4. The set of A for which Theorem 3 can be applied in this case includes 
the half-plane 

{A : Re A > 1 + m(lnm - 1)}, 

since for these values of A we have rn^e'™"^^ G {w : \w\ < 1/e} C F{g), and 
includes the half-line 

{A G M : A > (m - l)(ln(m - 1) - 1)}, 
since for these values of A we have < g{u) < u, for u > 0. 

5. Fast escaping curves for functions of infinite order 

Let / be a function in the class B and let F denote a logarithmic transform 
of / in the class Sjjjg. As described in Section 2, it was shown in [12] that the 
conclusion of Theorem 1 1 . 1 1 holds whenever F satisfies a linear head-start condition 
and that such a condition is satisfied whenever the tracts of F have uniformly 
bounded slope and uniformly bounded wiggling. In particular, F satisfies such 
a condition if / has finite order. 

There are, however, many functions of infinite order in the class B for which 
the tracts of F have uniformly bounded slope and uniformly bounded wiggling; 
for example, the functions studied in [21] and [22] are of this type. It is natural to 
ask whether the conclusion of Theorem 1 1 . 21 also holds for such functions. In this 
section we show that this is the case provided that the tracts of F satisfy a further 
geometric condition (which holds for the functions studied in [21] and [22]). In 
the next section we give an example which shows that it is necessary to impose 
an extra condition of this type. 

We first introduce some notation. Let F G B\og and let T be a tract of F. If 
C G T and a > ReC, then L^^^ denotes the unique component of {w : Rew = 
a} n T that separates ( from cxo (in T) and that can be joined to C by a path 
lying, apart from its endpoints, in {w : Re w < a} H T. Note that L^ ^ is a cross 
cut of T and ( lies in the closure of the bounded component of T \ i^(,a- 

We now introduce the notion of a gulf of a tract of F - the terminology is 
motivated by the definition of a gulf of a tract of / given in |10] . 
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Definition 5.1. Let F G -Bf^g, let T be a tract of F and let p denote the point 
in dT for which F{p) = 0. 

(a) Let C G T. We say that ( belongs to a gulf of T if there exists a > 
max{ReC, Rep} such that ^ does not separate p from oo. 

(b) The tract T has bounded gulfs with constant C > 1 if 

L(^^a separates p from oo, 

for aA\ ( & T,a > 0, with Re C > max{Rep, 1} and a > CRe (. 

If all the tracts of F have bounded gulfs for the constant C, then we say that 
the tracts have uniformly bounded gulfs. 

Parts (a) and (b) of the following theorem follow from the results in [19] that 
we described in Section 2; we include them here for completeness. 

Theorem 5.1. Let F G i3[J,g. Suppose that all the tracts of F are translates 
of each other by 2n'Ki, n G Z, and have bounded slope, bounded wiggling and 
bounded gulfs. If G I{F), then there exists k eN such that Wq = F^{w'q) can 
be connected to oo by a curve T C I{F) such that 

(a) ReF" ^ oo as n ^ oo uniformly on T, 

(b) V is a Devaney hair of F , 

(c) T\{w,}(lA{F). 

Remarks. 1. The example in the next section shows that Theorem 15. II is not 
true if the tracts do not have bounded gulfs. 

2. It follows from Theorem 15.11 that, if / is a meromorphic function with a 
logarithmic tract V , such that a logarithmic transform F G E[^^ of / has tracts of 
bounded slope, bounded wiggling and bounded gulfs, and zq G /(/, V)^ then zq 
can be connected to cxd by a curve 7 C I{f,V) such that 'y\{zo} C A'{f,V). 

3. The result in Remark 2 implies that ii f ^ B, f has exactly one tract 
and zq G /(/), then zq can be connected to 00 by a curve 7 C /(/) such that 
7 \ {zq} C A{f). If / has more than one tract, then an analogous result holds 
but the conclusion has to be phrased in terms of points that tend to infinity as 
fast as possible with respect to a particular sequence of tracts of /. Note that 
such points may not belong to A{f); see [HI end of Section 4]. It is also possible 
to obtain results concerning points which tend to infinity as fast as possible with 
respect to a given address - we hope to return to this idea in future work. 

In order to prove Theorem 15.11 we begin by proving two preliminary results. 
The first concerns functions with bounded gulfs and bounded wiggling. 

Lemma 5.2. Let F G B^^^, let T be a tract of F and let p denote the point in dT 
for which F{p) = 0. Suppose that T has bounded gulfs with constant C > 1 and 
bounded wiggling with constants K' > 1 and fi > 0. There is a constant D > 1 
depending on C, K' and fi such that if A > max{Rep, 1} and a > DA, then 

(a) = Lp^a whenever ( E T and Re( = A, 

(b) max^gij,^ Re > max^^T,Rew=ARe F{w). 

Proof. Suppose that a > 2K' ma:x{C, fi}A and put a' = a/{2K'). To prove 
part (a), we assume (for a contradiction) that C G T and Re^ = ^, and 7^ 
Lp a- Since T has bounded gulfs with constant C, 



(5.1) 



L(^^a' separates p from 00 
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and hence 

(5.2) L^^a separates p from oo. 

Let Tp a denote the bounded component of T \ L^ a and U^^a denote its un- 
bounded component. Since „ 7^ Lp^, the cross cut „ must belong to either 
T OT U 

''-p,a ^p,a- 

If a C Tp a, then by (15.21) any curve from p to Lp a must cross contrary 
to the definition of Lp Thus 

This imphes that 

(5.3) C e Up,a 

for otherwise any curve from ( to L^^^ must cross Lp^a, contrary to the definition 
of i^(,a- It follows from (15. 3p that 

(5.4) L^^a' C f/p,a, 

for otherwise any curve from L^^^/ to ( must cross Lp^a and so contain points w 
such that Kew = a > a' , contrary to the definition of L(^^a- 

It follows from (15.11) and (15.41) that any geodesic from Lp^a to 00 passes through 
L(^^a', so by bounded wiggling we have 

a > fi; that is, ^ < /x, 

which contradicts our choice of a. Hence Lp a = L(^ a- 

To prove part (b), let C denote a point in {lu : Rew = A} fl T for which 
ReF(C) = max^gTReio=yi Re F(w). Once again let Tpa denote the bounded 
component of T \ Lp a- Note that the boundary of Tp a consists of Lp a together 
with part of the boundary of T. Since Re F{w) = for w G 9T, and Re F{w) > 
for w G T, it follows that 

(5.5) max KeF{w) = max IleF{w). 
By the maximum principle, 

(5.6) max lie F{w) = max Re-F(w). 

By part (a) and the definition of L^^a we have ( G Tp^a and so, by (15.51) and (15.61) . 
max Re F{w) > Re F{() = max Re F{w) 

wdLp^a w(iT,T{.ew=A 

as required. □ 

The second preliminary result is based on Ahlfors' distortion theorem. 

Lemma 5.3. Let F G B^^^, let T he a tract of F and let p denote the point in 
dT for which F{p) = 0. If a > Kep and b > a + Att then 

(5.7) l^^^^W > exp(i(6 - a) - An), for Wb G Lp,6, Wa G Lp^a- 
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Proof. For t > Rep, let l{t) denote the length of Lp^f Then < l{t) < 27t. Now 
let g{w) = logF(w). Since g maps T univalently onto the strip S = : |Im,^| < 
7r/2}, we can apply Ahlfors' distortion theorem to g. The version of this result 
in [Hi page 97] states that, if 

b > a > Rep and / -— — > 2, 
then, for Wf, G Lp b and Wa G Lp ^, 

dt 1 

Re5f(w;,) - Regiwa) J J(fj ~ ^'^ ^ ~ ~ ^'^ ■ 
and so, by the definition of g, 

In \F{wt)\ - In > hb - a) - 47r. 



2 



Since < < 27r, we have 



dt b-a 

— > —— > 2 if 6 - a > 47r, 
a K^) 27r 

and so the result holds if 6 > a + 47r. □ 

We are now in a position to prove Theorem 15.11 

Proof of Theorem \5.1[ Let F be a function satisfying the conditions of Theo- 
rem 15.11 let w'q G I{F) and let s denote the address of w'q. Since the tracts 
of F have bounded slope and bounded wiggling, F satisfies a linear head-start 
condition, as noted in Section 2. Hence, by Lemma [2.2[ there exists A; G N such 
that V = {w E I^k(g){F) : w y F^{wq)} is a simple curve in I{F) connecting 
F^{wq) to 00. We let wq = F^{w'q) and let wi denote a point in V with wi >- wq. 
In order to prove Theorem 15.11 it is sufficient to show that wi G A{F). 

The following result is the main step in the proof of Theorem 15.11 

Lemma 5.4. Let wi be as described above. There exist Ni E N and e G (0, 1) 
such that, for all n > Ni, 

ReF"+i(wi) > ^M(eReF"(wi),F). 

Proof. Recall that the tracts of F have bounded slope with constants a,(3 > 0, 
bounded wiggling with constants K' > 1 and > 0, and bounded gulfs with 
constant C > 1. Also, the tracts of F are translates of each other by 2n7ii, 
n G Z, and so, for each tract T, 

max ReF{w) = M{r, F) . 

w£T,I{.e w=r 

Let Tn denote the tract of F containing F"{wi) and let Pn denote the point in 
dTn for which F{pn) = 0. Note that all the points Pn are vertical translates of 
each other. We begin by applying Lemma F5. 31 to the tract T„ with 

a„ = -l^ReF"K) and 6„ = -i^ReF"^). 

Since wi G I{F), the hypotheses of Lemma (5.31 are satisfied provided that n 
is sufficiently large. We now take Wb„ G and Wa„ G Lp^,,a„ to be points on 

the unbounded curve F"(r). To see that this is possible, note that F"'{wo) is 
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also on the curve F"'{T) and, by Lemma [521 -^F"(u)o),an = Lpn,a„ for large n G N. 
(The hypotheses of Lemma [5.21 are satisfied for large n E N since wo G I{F), the 
tracts of F have bounded slope and wi >- wq with respect to a linear head-start 
condition for F so that, for n sufficiently large, we can apply Lemma [2.3( a) to 
and F"(wo) to deduce that 

a„ ReF^iwi) , 

— — r = -ttt-t: — — r — > oo as n — > oo. ) 

Since wq G I{F) and Wa„,Wb„ >- F"-{wo), it follows from Lemma [5731 that, if n is 
sufficiently large, then 

(5.8) |§^>exp(i(6„-a„)-4vr). 



Now take c = (4(a + 2)) ^. It follows from (15.81) and the fact that 

1 



bn — dn = TTT^R-^ F'^{wi) — i> OO as n — > OO 



that, for large n, 

(5.9) |F(«;,J| > il/c)\FiwaJ\. 

Since all points on the curve F"(r) have the same address, F{wb„) and F{wa„) 
both belong to the same tract of F, which has bounded slope with constants a 
and p. Thus, by Definition 12.21 

(5.10) \lmF{wb„)-lmF{waJ\ < a ma.x{Re F{w a J, Re F{wb J} + f3. 
We deduce that, for large n, 

(5.11) ReF{wb„)>c\F{wb„)\. 
Otherwise, by (15.91) and (I5.10p . we have, for large n, 

\F{wbJ\ < ReF{wbJ + \lmF{wbJ\ 

< ReF{wbJ + \lmF{waJ\+amax{ReF{waJ,ReF{wbJ} + /3 

< {a + 2)max{\F{waJ\,ReF{wbJ} + P 

< 2ia + 2)c\F{wbJ\ = ^\F{wb„)\, 

which is a contradiction. 

Now let D be the constant from Lemma [5721 Since wi G I{F), for n sufficiently 
large we have an/D > max{Rep„, 1} and so, by Lemma [5.21 there exists G 
Lp„,a„ such that 

ReFiw'J>MiajD,F). 

We now apply Lemma [53] again but this time we replace Wa„ by the point w'^^. 
Since a„ ^ oo and hence |F(w^^)| ^ oo as n ^ oo, it follows from Lemma [5.31 
that, if n is sufficiently large, then 

Together with (15.111) this implies that, if n is sufficiently large, then 

(5.12) MiajD^F) ^ ^^^P^^^^" ' ' > exp(i(6„ - a.)). 
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Note that, for large n, the part of F"(r) that connects F"(wo) to F'^{wi) must 
intersect Lp^^b^ - otherwise F^{wi) lies in the bounded component of T \ Lp^bn 
and so the geodesic joining F^{wi) to oo in the tract T must contain a point w 
with Hew = bn = ^j^Ke F"'{wi). This, however, is impossible for large n since 
wi G I{F) and T has bounded wiggling with constants K' and /i. 

Thus, for large n, we can choose Wb„ G H F"(r) such that is in 

the tail of F"(r) from Wb^ to cxd. So, if i^' > 1 and M > are chosen so that F 
satisfies a linear head-start condition for K and M, then, for large n, 

ReF{wbJ < KReF''+\wi) + M 

and hence 

(5.13) ReF"+iK) > ^ReF{wb„) - ^ > ^ReF^J. 

It follows from fl5.12p and (15.131] that, for n sufficiently large, 
ReF^^\wi) > ^exp(i(&„-a„))M(a„/D,F) 

= ^exp(i(6„-a„))M(^ReF"(u;i),^)- 
The result now follows on taking e = ^ J^^, , since 

bn — CLn = 7177^-6 ^"'(Wi) — > OO aS n — > OO. 



□ 



Finally, we show that the conclusion of Theorem 15.11 follows easily from 
Lemma 15.41 We first choose A^^i G N and e G (0, 1) to satisfy Lemma 15. 4[ 
We then choose ri > and N2 > Ni such that 

(5.14) M{r,F) > r for r > ri and ReF^^{wi) > J^. 

Arguing by induction, it follows from (I5.14p and Lemma 15.41 that 

ReF"+^2(w;i) > iM"(ri,F) > M"(ri,F), for all n G M, 

and so wi G A{F) as required. □ 



6. Slow Devaney hairs 



In this section we define a function F G i^JJ^g such that F has a Devaney hair 
that is disjoint from A{F). All the tracts of F are translates of each other by 
2n7ri, for some tt, G Z, and have bounded slope and bounded wiggling. This 
shows that an additional assumption, such as bounded gulfs, is indeed necessary 
in Theorem 15.11 We also construct a transcendental entire function which has a 
logarithmic transform with these properties. 

The function F is 27ri-periodic and the domain of F consists of a tract T C 
{z G EI : Im^; G (— 7r,7r)} and all 27riZ-translates of T. Thus it is sufficient to 
specify the domain T and a conformal isomorphism F : T ^ M. 

The tract T is determined by an increasing sequence {rk)k>o of real numbers 
with Tfc > Vk-i + 1 and vq > 1, and a second sequence {ek)k>o of positive real 
numbers, as illustrated in Figure [H 
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Figure 1. Construction of the tract T. 

To be precise, T consists of all points u + iv, where u > 1/2 and |f | < vr, 
subject to the following restrictions for all A; > 0. (We also use the convention 
that r_i = — oo.) 

(1) If rfc_i + 1 < M < Tfc, then |f | ^ n/S. 

(2) If u = Tfc, then |t>| > tc/S or |t>| < Ek- 

(3) If Vk < u < Tk + 1, then there are no restrictions on v. 

(4) If u = Tfc + 1, then |f | < vr/S. 

Remark. The boundary of T is not a Jordan curve, and hence formally speaking 
the 27ri-periodic extension of a conformal isomorphism F : T ^ M. to T = 
T + 27riZ does not belong to i3i"g. However, it will be clear from the construction 
that this defect is easily remedied by restricting F to the set F~^{{w : Rew > e}), 
for some < e < 1/2. 

Note that T is symmetric about the real axis and has bounded slope and 
bounded wiggling. We choose F : T — EI to be the unique conformal iso- 
morphism with -F(l) = 1 and F{oo) = oo. Note that F maps the interval 
[1, oo) to itself, that 1 is the unique real fixed point of F, and that this fixed 
point is repelling. (To see this, apply the Schwarz lemma to the inverse branch 
F~^ : H — > T.) It follows that F{u) > u and u G I{F) for all w > 1; in particular, 
[1, oo) is a Devaney hair of F. 

In addition to the sequences {rk)k>Q and (£fc)fc>0) the definition of T also 
involves sequences {uk)k>o and {wk)k>o^ where G M and Wk = Uk + 27ri/3. It 
is not difficult to show that it is possible to choose these sequences in such a way 
that, for each > 0, 

(a) Mfc, F{uk) E {rk-i + 2, r/, - 1); 

(b) Uk+i > F^{uk); 

(c) ReF(wfc) > Uk+i. 

(We give the details in Proposition 16.31 below.) These properties imply that 
(1, oo) C I{F) \ A{F), as we now show. 

Lemma 6.1. Let F : T ^ H belong to the class B[^^. Suppose that a tract T 
of F contains an interval [ao, oo) of the real axis, and that F is real; that is, T 
is symmetric with respect to the real axis and F{z) = F{z). 

Assume that there are sequences Mfc G M and Wk G T, with — oo and 
Uk = Kewk, that satisfy properties (b) and (c) above. Then M fl A{F) = 0. 
Further, there exists a G M such that [a, oo) is a Devaney hair. Thus F has a 
Devaney hair that is disjoint from A{F). 
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Proof. We first show that M fl A{F) = 0. Since, for k > 0, we have 

ReF{wk) > Uk+i = Rewk+i, 

we must have 

(6.1) M"(uo, F) > Un, for neN. 
On the other hand, it folfows from (b) that, for k,j > 0, 

(6.2) F^^iuk) < Uk+r 

Now, let M G M and let k denote the smallest integer for which Uk > u. Let 
L e N and set n = L + 2k. Then, by and (0, 

F«+^(n) = F^^+^\u) < F^^^^\u,) < UL+2k = < M-{u,,F). 

It follows that u does not belong to A{F), as claimed. 

We conclude the proof by noting that it follows from Lemma 15.31 that there 
exists a > such that [a, oo) G I{F). Further, F^{w) oo uniformly on [a, oo) 
and F"([a, oo)) is a simple curve connecting F"(a) to oo. Hence [a, oo) is a 
Devaney hair that does not intersect A{F). □ 

We now use Arakelian's theorem to prove that there exists a transcendental 
entire function such that a logarithmic transform of this function satisfies the 
hypotheses of Lemma 16. 1[ It seems likely that such a function can also be 
constructed to lie in the class i3, by using a similar argument to that in 
Section 7], but we will not show this here. 

Theorem 6.2. There exists a transcendental entire function h with a logarithmic 
tract V such that V contains a Devaney hair of h which does not meet A'{h, V). 

Proof. Let the tract T and the function F : T ^ H be as described before 
Lemma Em where the sequences (r^), (sk), iuk) and {wk) are chosen in such a 
way that 

(a') Uk, F{uk) e {rk-i + 2, - 1 - fc); 
(b') Uk+i > F{rk -l) + k; 
(c') ReF{wk) > Uk+i + k. 

(Again, we show that this is possible in Proposition 16. 3[ ) 

Let / : expT — > {z : 1^1 > 1} be defined by f{expw) = expF{w), and let / 
be the restriction of / to 

A = f-\{z : 1^1 > 5/4}) = expF-\{w : Rew > ln(5/4)}). 

Now, the complement of A is connected and locally connected at oo. Thus, 
by Arakelian's theorem |T2l page 142] , there is an entire function h : C —>■ C such 
that \f{z) — h{z)\ < 1/4, for all z & A. Since / is real, we may also assume that 
h is real (otherwise, consider the map {h{z) + h{z))/2 instead). 

Let V be the component of h^^{{z : \z\ > 3/2}) that is contained in A and 
contains some infinite piece of the positive real axis. Since A contains no zeros 
of h, the set V is simply connected by the minimum principle. Let T be the 
component of exp~^(\^) contained in T. There is a holomorphic map 

H -.f ^ {w.Rew > ln(3/2)} 
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with exp oH = ho exp. By our choice of we have 

(6.3) \H{w)- F{w)\<l/A, forallwef. 

Note that if is a proper map: indeed, Reif(w) — > ln(3/2) as w — dT, while 
(16.31) imphes that H{w) — >• oo as w — >• cx). So if has a well-defined degree, and 
it is easy to see that this degree is one. Indeed, if 7 is a simple closed loop in 
T, sufficiently close to the boundary, then it follows from (16. 3p that if (7) winds 
exactly once around the point 1. 

So if is a conformal isomorphism, and in particular \^ is a logarithmic tract 
of h. We denote the 27ri-periodic extension of if also by if. Then if G B\o^ is a 
logarithmic transform of which is not normalised. By (16. 3p . and properties (a'), 
(b') and (c'), the map if satisfies properties (b) and (c), for sufficiently large k. 
Thus, by Lemma 16.11 if has a Devaney hair [a, 00) C M that does not intersect 
A{H). It follows that [e", 00) is a Devaney hair of h that does not intersect 
A'{h,V). □ 

Remark. It is in fact possible to construct a transcendental entire function g 
with a logarithmic tract V such that V contains a component C of J{g) that 
is a Devaney hair of g with C fl A'{g., V) 7^ 0. In order to do this, we define 
g{z) = h{z)/X and consider a tract V of h, where h and V are as in the proof 
of Theorem 16.21 and A > max{3/2, M(5/4, /i)}. This ensures that {z : \z\ < 
5/4} C F{g) and also that is a tract of g with dV C F{g). We then set 
G{w) = H{w) — L, where L = InA and denote the 2'7ri-periodic extension of G 
by G. The function G is of disjoint type; that is, the tracts of G are contained in 
the image of G and so, arguing as in the proof of [121 Theorem 5.10], it can be 
shown that there exists a G M such that [a, 00) is a component of J{G). Further, 
by Lemma Em [a, 00) is a Devaney hair and [a, 00) fl A{G) = 0. Then, because 
G is of disjoint type and dV C F{g), it can be shown that C = [e"-,oo) is a 
component of J{g) that is a Devaney hair of g with C fl A'{g, V) = 0. 

To conclude the section, we show that the tract T can indeed be chosen with 
the desired properties. 

Proposition 6.3. Let {Sk)k>o, {Vk)k>o one/ {9k)k>o be arbitrary sequences of pos- 
itive real numbers. Then there exist sequences {rk)k>o, {£k)k>o (iiT'd {uk)k>o with 
Uk G T, for k > 0, such that, ifT and F are as described before Lemma \U71\ and 
Wk = Uk + 27ri/3, then 

(A) Uk, F{uk) G (rfc_i + 2, rfe - 1 - 4); 

(B) Uk+i > F{rk - 1) + Vk; 

(C) ReF{wk) > Uk+i + 0k- 

Proof. For a hyperbolic domain U, let dist u{., .) denote hyperbolic distance in U 
and pu{-) denote hyperbolic density in U; see JTj, for example. Since the curve 
[1, 00) is a hyperbolic geodesic in T, we have 

/u 
pT{t)dt, 

for all u G [1, 00). Now, by [71 Theorem 4.3], we have 

< Pt{w) < -J- — 7 fo^ w & T. 



2dist {w, 9T) - ' ' - dist {w, dT) ' 
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Therefore we can easily estimate the behaviour of F in an initial segment of the 
tract, independently of the choices of and Sk for large k. 

More precisely, these estimates for pr(-) show that if e [1, cxd) and u > rk, 
for /c > —1, then there exist finite positive numbers b{u) and B{u) depending on 
rj and £j, for < j < /c, such that 

b{u) < F{u) < B{u), 

for all possible choices of rj and ej, j > k, for which r^+i > u + 1. Moreover 
b{u) — > oo as £fc — > 0. Note that B{u) > F{u) > u for all u>l. 

Also note that, for A; > 0, we can connect to + 1 in T by a curve of 
length 

(rfe + 1) - life + 27r/3 < Sr^ 

that has distance at least 1/2 from dT. Hence the hyperbohc distance from Wk 
to Tfc + 1 is at most 12rfc. We can use this observation to bound the real part of 
F{wk) from below in terms of F{rk + 1). Indeed, 

dist T(wk,rk + I) ^distm(F(wk),F(rk + I)) > \og(F{rk + l)/ReF(wk)), 

and hence 

ReF{wk) > F{rk + 1) exp(-12rfc). 

Wc now define the sequences Uk, rk and Sk inductively. We begin by choosing 

Mo = 1 and ro > 5o + 2. 

If we have defined Vj and Uj for < j < A;, and Sj for < j < A;, then we 
choose (in order), Uk+i so that 

Uk+i > maxjrfc + 2, B{rk - 1) + rjk}, 

Ek so that 

b{rk + 1) > {uk+i + Ok) exp(12rfe) 

and Tk+i so that 

Tfe+i > B{Uk+l) + 1 + 4+1- 

(Recall that iiu> rk-, then b{u) — >^ oo as — > 0, and hence the desired choice 
of Sk is indeed possible.) 

This completes the inductive description. Clearly properties (A) and (B) are 
satisfied by construction. To verify property (C), note that 

ReF{wk) > F{rk + 1) exp(-12rfc) 

> b{rk + 1) exp(-12rfc) > {uk+i + 9k)-, 

as desired. □ 



Remark. Note that the proof shows that the sequences 5^,77^ and 9k could 
also be allowed to depend on previous values of r^, Sj and Uj. More precisely, 
they can depend on the values Uj, j < k, and on rj and ej, j < k. Additionally, 
Tjk may also depend on r^, and 9k on and Uk+i- 
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